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Abstract
A ring R is said to be an almost Armendariz ring if whenever product of two
polynomials in R[x] is zero, then product of their coefficients are in N∗(R). In this
article, for an endomorphism α on R, we define an α-almost Armendariz ring of R
considering the polynomials in skew polynomial ring R[x;α] instead of R[x]. It is
the generalisation of an almost Armendariz ring [9] and an α-Armendariz ring [4].
Moreover, for an endomorphism α of R, we define an α-skew almost Armendariz ring,
and prove that a reversible ring R with certain condition on endomorphism α, its
polynomial ring R[x] is an α-skew almost Armendariz ring.
Mathematics Subject Classification: 16W20; 16N40; 16S36; 16U99.
Keywords: Ring endomorphism, Armendariz ring, Reversible ring, Prime radicals, α-
Armendariz ring, α-skew Armendariz ring, α-almost Armendariz ring, α-skew almost Ar-
mendariz ring.
1. Introduction
In this article, R denotes an associative ring with unity. Given a ring R, R[x] is the ring of
polynomials over R in indeterminate x. For any polynomial f(x) ∈ R[x], Cf(x) denotes the
set of all coefficients of f(x). Mn(R) and Un(R) denote the n×n full matrix ring and upper
triangular matrix ring over R, respectively. Dn(R) is the ring of n × n upper triangular
matrices over R whose diagonal entries are equal. We use eij for the matrix with (i, j)th
entry 1 and 0 elsewhere. The symbol Z and Q denote ring of integers and ring of rational
numbers respectively.
Here, N(R) denotes the set of all nilpotent elements of the ring R. An element a ∈ R is
strongly nilpotent if every sequence a1, a2, a3 . . . such that a1 = a and an+1 ∈ anRan (for all
n) is eventually zero, i.e. there exists a positive integer n such that an = 0. Recall that the
prime radical (lower nil radical) of a ring R is the intersection of all prime ideals of R and it
is denoted by N∗(R). So, N∗(R) is precisely the collection of all strongly nilpotent elements
of R, i.e., N∗(R) = {x ∈ R : RxR is nilpotent}. It is known that N∗(R) ⊆ N(R).
A ring R is said to be reduced if it has no nonzero nilpotent elements. In 1974, Armen-
dariz [ [1], Lemma 1] had pointed out reduced ring satisfies the certain condition which is
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later called Armendariz ring by Rege and Chhawchharia [8] in 1997. A ring R is said to be
an Armendariz if whenever two polynomials f(x), g(x) ∈ R[x] such that f(x)g(x) = 0, then
ab = 0 for each a ∈ Cf(x) and b ∈ Cg(x).
Recall that a ring R is said to be reversible if ab = 0 implies ba = 0 for each a, b ∈ R. A ring
R is said to be semicommutative if ab = 0 implies aRb = 0 for each a, b ∈ R [10]. Therefore,
a reversible ring is semicommutative but converse is not true.
In [9], some results on almost Armendariz rings are given. We define an almost Armendariz
ring as follows:
A ring R is said to be an almost Armendariz ring if whenever two polynomials f(x) and
g(x) ∈ R[x] such that f(x)g(x) = 0, then ab ∈ N∗(R) for each a ∈ Cf(x) and b ∈ Cg(x).
Clearly, every semicommutative ring is an almost Armendariz ring by [9]. Therefore, an
almost Armendariz ring is a generalisation of an Armendariz ring and semicommutative ring.
Recently, in few manuscripts, the Armendariz property of a ring were extended and
studied over the skew polynomial rings [3,4]. For an endomorphism α of a ring R, the skew
polynomial ring R[x;α] consists of the polynomials in x with multiplication subject to the
relation xr = α(r)x for each r ∈ R. Due to [4], a ring R is an α-Armendariz ring if whenever
f(x), g(x) ∈ R[x;α] such that f(x)g(x) = 0, then aibj = 0 for 0 ≤ i ≤ m and 0 ≤ j ≤ n.
Hong et al. [3] generalized the concept of Armendariz ring with respect to an endomorphism
α of R and named as α-skew Armendariz ring.
A ring R is said to be an α-skew Armendariz ring if f(x) = a0+a1x+a2x
2+· · ·+anx
m, g(x) =
b0 + b1x+ b2x
2 + · · ·+ bnx
n ∈ R[x;α] such that f(x)g(x) = 0, then aiα
i(bj) = 0 for each i, j.
They proved that α-rigid rings are α-skew Armendariz ring. Moreover, if αt = I for some
positive integer t, then R is α-skew Armendariz ring if and only if R[x] is α-skew Armendariz
ring.
According to Hashemi and Moussavi [2], a ring R is said to be an α-compatible if for
each a, b ∈ R, ab = 0⇔ aα(b) = 0. According to Krempa [6], an endomorphism α of a ring
R is said to be rigid if aα(a) = 0 implies a = 0 for each a ∈ R. A ring R is α-rigid if there
exists a rigid endomorphism α of R. In 2005, Hashemi and Moussavi [2], considered a ring R
as α-rigid if and only if R is α-compatible and reduced. Moreover, by Proposition (3) of [3],
if R is α-rigid, then R[x;α] is reduced.
Due to [7], a ring R is α(∗) rigid if aα(a) ∈ N∗(R) implies a ∈ N∗(R), where α is an endo-
morphism of the ring R.
Now, we are introducing the notions of α-almost Armendariz ring and α-skew almost Ar-
mendariz ring, where α is an endomorphism on given ring R. Some results based on these
two notions have been discussed here (in Section 2 and Section 3).
2. α-almost Armendariz ring
Definition 2.1. Let α be an endomorphism of a ring R. Then the ring R is said to be an
α-almost Armendariz ring if for f(x) = a0 + a1x + a2x
2 + . . . + amx
m, g(x) = b0 + b1x +
b2x
2 + . . . + bnx
n ∈ R[x;α] such that f(x)g(x) = 0, then aibj ∈ N∗(R) for each i, j, where
0 ≤ i ≤ m and 0 ≤ j ≤ n.
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It is clear, for α = idR, almost Armendariz and α-almost Armendariz ring are same,
where idR is the identity endomorphism of R.
Remark 2.1. For an endomorphism α of a ring R, we have the following:
(1) If R is an α-Armendariz ring, then R is an α-almost Armendariz ring.
(2) Every subring S of an α-almost Armendariz ring R with α(S) ⊆ S is also an α-almost
Armendariz subring.
The following example shows that there exists an endomorphism α of an almost Armen-
dariz ring R such that R is not an α-almost Armendariz ring.
Example 2.1. Let R = R1 ⊕ R2, where R1, R2 be any two reduced rings. Then R is a
semicommutative ring and hence R is an almost Armendariz ring. Let α : R → R be an
endomorphism defined by α((a, b)) = (b, a). Let f(x) = (1, 0) + (0, 1)x, g(x) = (0, 1) −
(0, 1)x ∈ R[x;α]. Then f(x)g(x) = 0, but (0, 1)(0, 1) /∈ N∗(R). Therefore, R is not an
α-almost Armendariz ring.
Also, every α-rigid ring is an α-almost Armendariz ring but converse is not true. In this
regard, we have the following example:
Example 2.2. Let R =

 Z Z Q0 Z Q
0 0 Z

 be a ring and α : R→ R defined by
α



 Z Z Q0 Z Q
0 0 Z



 =

 Z Z −Q0 Z −Q
0 0 Z

.
Then α is an endomorphism on R and hence an α-almost Armendariz ring. For this, let
f(x) =
∑m
i=0Aix
i and g(x) =
∑n
j=0Bjx
j ∈ R[x] such that f(x)g(x) = 0, where A′is and B
′
js
are
Ai =

 a
i ai12 a
i
13
0 ai ai23
0 0 ai

 , Bj =

 b
j bj12 b
j
13
0 bj bj23
0 0 bj

.
Now, from f(x)g(x) = 0, we have
(∑m
i=0 a
ixi
)(∑n
j=0 b
jxj
)
= 0 ∈ Z[x]. Since Z is an
Armendariz ring, aibj = 0 for each 0 ≤ i ≤ m, 0 ≤ j ≤ n. Therefore, AiBj ∈ N∗(R) for
each i, j. Thus, R is an α-almost Armendariz ring. Here, e13α(e13) = 0 but e13 6= 0. So, R
is not an α-rigid ring.
It is well known that an endomorphism α of a ring R can be extended to an endomor-
phism α on Un(R) by defining as α((aij)n×n) = (α(aij))n×n. Moreover, we have
N∗(Un(R)) =


N∗(R) R R
0
. . . R
0 0 N∗(R)

 .
Proposition 2.1. Let α be an endomorphism of a ring R. Then R is an α-almost Armen-
dariz ring if and only if for a positive integer n, Un(R) is an α-almost Armendariz ring.
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Proof. Since subring of an α-almost Armendariz ring is an α-almost Armendariz. Note that
Un(R)[x, α] ∼= Un(R[x;α]). So, we prove only necessary part. Let f(x) = A0+A1x+A2x
2+
. . .+Apx
p and g(x) = B0 +B1x+B2x
2 + . . .+Bqx
q ∈ Un(R)[x;α] such that f(x)g(x) = 0,
where
Ai =


ai11 a
i
12 . . . a
i
1n
0 ai22 . . . a
i
nn
...
...
. . .
...
0 0 . . . ainn

, Bj =


bj11 b
j
12 . . . b
j
1n
0 bj22 . . . b
i
nn
...
...
. . .
...
0 0 . . . bjnn

, for each 0 ≤ i ≤ p and
0 ≤ j ≤ q.
Then fr(x) =
∑p
i=0 a
i
rrx
i and gr(x) =
∑q
j=0 a
j
rrx
j ∈ R[x;α] and fr(x)gr(x) = 0, for each
1 ≤ r ≤ n. Since R is an α-almost Armendariz ring, so airrb
j
rr ∈ N∗(R) for each 1 ≤ r ≤ n
and each i, j. Therefore, AiBj ∈ N∗(R) for each 0 ≤ i ≤ p and 0 ≤ j ≤ q. Hence Un(R) is
an α-almost Armendariz ring.
Corollary 2.1. A ring R is an almost Armendariz ring if and only if for a positive integer
n, Un(R) is an almost Armendariz ring.
Proposition 2.2. A ring R is an α-almost Armendariz if and only if R[x]/〈xn〉 is an α-
almost Armendariz.
Proof. For n ≥ 2,
R[x]/〈xn〉 ∼=




a0 a1 a2 . . . an−1
0 a0 a1 . . . an−2
0 0 a0 . . . an−3
...
...
...
. . .
...
0 0 0 . . . a0


: ai ∈ R, i = 0, 1, 2, . . . n− 1


.
Hence, R[x]/〈xn〉 is an α-almost Armendariz by Proposition (2.1). Converse is also true,
being subring of an α-almost Armendariz ring is an α-almost Armendariz.
Given a ring R and a bimodule RMR, the trivial extension of R by M is the ring T (R,M)
with the usual addition and multiplication defined as
(r1, m1)(r2, m2) = (r1r2, r1m2 +m1r2).
This is isomorphic to the ring of all matrices of the form
(
r m
0 r
)
with usual addition and
multiplication of matrices, where r ∈ R and m ∈M .
Corollary 2.2. Let α be an endomorphism of a ring R. Then R is an α-almost Armendariz
ring if and only if U(R,R) is an α-almost Armendariz ring.
Proof. Since R[x]/ < x2 > ∼= U(R,R). Therefore by Proposition (2.2) U(R,R) is an
α-almost Armendariz ring.
Lemma 2.1 ( [2], Lemma 3.2). Let R be an α-compatible ring. Then following hold:
(1) If ab = 0, then aαm(b) = αm(a)b = 0, for all positive integer m.
(2) If αn(a)b = 0 for some positive integer n, then ab = 0.
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Lemma 2.2. Let R be an α-compatible ring. Then we have the following:
(1) If ab ∈ N∗(R), then aα
k(b) ∈ N∗(R) and α
k(a)b ∈ N∗(R), for all positive integer k.
(2) If αm(a)b ∈ N∗(R) or aα
m(b) ∈ N∗(R) for some positive integer m, then ab ∈ N∗(R).
Proof. (1) Let ab ∈ N∗(R). This means RabR is nilpotent. If r1abr2 ∈ RabR for some
r1, r2 ∈ R. Then there exist a positive integer n such that (r1abr2)
n = 0.
Now, (r1abr2)(r1abr2) . . . (r1abr2) = 0 implies (r1abr2)(r1abr2)(r1abr2) . . . r1aα
k(br2) = 0,
since R is α-compatible ring. Also, α is an endomorphism, therefore (r1abr2)(r1abr2)(r1abr2)
. . . r1aα
k(b)αk(r2) = 0. Again, being R an α-compatible ring, we have, (r1abr2)(r1abr2)(r1abr2)
. . . (r1aα
k(b)r2) = 0. This implies (r1abr2)(r1abr2) . . . r1aα
k(br2(r1aα
k(b)r2) = 0 and hence
(r1abr2)(r1abr2) . . . r1aα
k(b)αk(r2(r1aα
k(b)r2) = 0. Therefore, (r1abr2)(r1abr2) . . . r1aα
k(b)
(r2(r1aα
k(b)r2) = 0, due to α-compatible ring and hence (r1abr2)(r1abr2) . . . (r1aα
k(b)r2)
(r1aα
k(b)r2) = 0. Continuing this process, we get
(r1aα
k(b)r2)(r1aα
k(b)r2) . . . (r1aα
k(b)r2) = 0.
This shows that (r1aα
m(b)r2)
n = 0. Thus, aαk(b) ∈ N∗(R). Similarly, we prove that
aαk(b) ∈ N∗(R).
(2) Let aαm(b) ∈ N∗(R). Then r1aα
m(b)r2 is nilpotent for any r1, r2 ∈ R. So, there exist
a positive integer t such that (r1aα
m(b)r2)
t = 0.
Therefore, (r1aα
m(b)r2)(r1aα
m(b)r2) . . . (r1aα
m(b)r2) = 0 implies (r1aα
m(b)αm(r2)(r1aα
m(b)r2)
. . . (r1aα
m(b)r2) = 0 and hence (r1aα
m(br2(r1aα
m(b)r2) . . . (r1aα
m(b)r2) = 0. This shows
(r1abr2(r1aα
m(b)r2) . . . (r1aα
m(b)r2) = 0. Therefore, (r1abr2)(r1aα
m(b)αm(r2(r1aα
m(b)r2)
. . . (r1aα
m(b)r2) = 0. Again, (r1abr2)(r1aα
m(br2(r1aα
m(b)r2) . . . (r1aα
m(b)r2) = 0. This
implies (r1abr2)(r1abr2)(r1aα
m(b)r2) . . . (r1aα
m(b)r2) = 0. Continuing this process, we get
(r1abr2)
t = 0 and hence ab ∈ N∗(R).
By same procedure we can proof other part.
Lemma 2.3. Let R be a semicommutative α-compatible ring. Then
(1) ab ∈ N∗(R)⇔ aα(b) ∈ N∗(R).
(2) aα(a) ∈ N∗(R)⇒ a ∈ N∗(R).
Proof. (1) It follows by Lemma (2.2).
(2) Let aα(a) ∈ N∗(R). Then, from (1), a
2 ∈ N∗(R) and being R semicommutative, a ∈
N∗(R).
Remark 2.2. Every α-compatible and semicommutative ring is an α(∗) ring.
Proposition 2.3. [5] If R is α(∗) rigid ring, then N∗(R[x;α]) ⊆ N∗(R)[x;α].
Proposition 2.4. Let R be an α-almost Armendariz ring. For a, b ∈ R, we have the
following :
(1) If ab = 0, then aα(b) ∈ N∗(R).
(2) If aαm(b) = 0 for some positive integer m, then ab ∈ N∗(R).
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Proof. (1) Let ab = 0, a, b ∈ R. Assume p(x) = α(a)x ∈ R[x, α], q(x) = bx ∈ R[x;α], then
p(x)q(x) = α(a)xbx = α(a)α(b)x2 = α(ab)x2 = 0. Therefore, α(a)b ∈ N∗(R), since R
is an α-almost Armendariz ring.
(2) Let aαm(b) = 0 for some positive integer m ≥ 1. Suppose p(x) = axm, q(x) = bx ∈
R[x;α], therefore p(x)q(x) = axmbx = aαm(b)x2 = 0. Hence ab ∈ N∗(R), since R is an
α-almost Armendariz ring.
Theorem 2.1. Let R be a semicommutative α-compatible ring. If R[x;α] is an almost
Armendariz ring, then R is an α-almost Armendariz ring.
Proof. Let R[x;α] be an almost Armendariz ring and f(x) =
∑m
i=0 aix
i, g(x) =
∑n
j=0 bjx
j ∈
R[x;α] such that f(x)g(x) = 0. Then s(y)t(y) = 0, where s(y) = a0 + (a1x)y + (a2x
2)y2 +
· · ·+(amx
m)ym and t(y) = b0+(b1x)y+(b2x
2)y2+ · · ·+(bnx
n)yn ∈ (R[x;α])[y]. Since R[x;α]
is an almost Armendariz ring, aix
ibjx
j ∈ N∗(R[x;α]) for each i, j. Also by Proposition (2.3),
aiα
i(bj) ∈ N∗(R) for each i, j. Finally, by Lemma (2.2), aibj ∈ N∗(R).
Proposition 2.5. An α-compatible semicommutative ring is an α-almost Armendariz ring.
Proof. Let f(x) =
∑m
i=0 aix
i and g(x) =
∑n
j=0 bjx
j ∈ R[x;α] such that
f(x)g(x) = (
∑m
i=0 aix
i)(
∑n
j=0 bjx
j) =
∑m+n
l=0 (
∑
i+j=l aiα
i(bj))x
l = 0. Then
∑
i+j=l
aiα
i(bj) = 0, l = 0, 1, 2, . . . , m+ n.
To prove aibj ∈ N∗(R), we use induction on i + j. If i + j = 0, then a0b0 = 0, therefore
a0b0 ∈ N∗(R). Now, assume that result is true for i+ j < l, where l is a positive integer, i.e.
aibj ∈ N∗(R), for i+ j < l. To prove aibj ∈ N∗(R), for i+ j = l, we use the coefficient of x
l
in product of f(x)g(x), which is
a0bl + a1α(bl−1) + a2α
2(bl−2) + . . .+ alα
l(b0) = 0 (2.1)
Multiplying by b0 from left in equation (2.1), we have
b0alα
l(b0) = −(b0a0bl + b0a1α(bl−1) + b0a2α
2(bl−2) + . . .+ b0al−1α
l−1(b1)).
Since aib0 ∈ N∗(R) for each i = 0, 1, 2, . . . , (l−1) and b0ai ∈ N∗(R) for each i = 0, 1, 2, . . . , (l−
1). Therefore b0alα
l(b0) ∈ N∗(R). Hence, b0alα
l(b0)α
l(al) ∈ N∗(R) this implies b0alα
l(b0al) ∈
N∗(R). Therefore, by Lemma(2.2), (b0al)
2 ∈ N∗(R) and hence (b0al) ∈ N∗(R). Therefore,
alb0 ∈ N∗(R). Again, multiplying by b1 in (2.1), we have
b1al−1α
l−1(b1) = −(b1a0bl + b1a1α(bl−1) + b1a2α
2(bl−2) + . . .+ b1alα
l(b0)) ∈ N∗(R)
b1al−1α
l−1(b1) ∈ N∗(R), so b1al−1α
l−1(b1al−1) ∈ N∗(R). By above Lemma (2.2), b1al−1 ∈
N∗(R). Continuing this process, we have a0bl, a1bl−1, a2bl−2, . . . , alb0 ∈ N∗(R). Therefore,
aibj ∈ N∗(R) for each i, j where 0 ≤ i ≤ m and 0 ≤ j ≤ n. Thus, R is α-almost Armendariz
ring.
Also by following the extension of an endomorphism α of a ring R to its ring of polyno-
mials R[x], given by Hong et al. in [4], we have the following result:
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Proposition 2.6. Let α be an endomorphism of a ring R and αk = IR for some positive
integer k. Then R is an α-almost Armendariz ring if and only if R[x] is an α-almost
Armendariz ring.
Proof. Let p(y) = f0(x) + f1(x)y + · · · + fm(x)y
m, q(y) = g0 + g1(x)y + · · · + gny
n ∈
R[x][y;α] such that p(y)q(y) = 0, where fi(x), gj(x) ∈ R[x]. Write fi(x) = ai0 + ai1x +
· · · + aisix
si, gj(x) = bj0 + bj1x + · · · + bjtjx
tj , for each 0 ≤ i ≤ m and 0 ≤ j ≤ n,
where ai0, ai1, . . . , aisi, bj0, bj1, . . . , bjtj ∈ R. We have to show fi(x)gj(x) ∈ N∗(R[x]), for each
0 ≤ i ≤ m and 0 ≤ j ≤ n. Choose a positive integer l such that l > deg(f0(x))+deg(f1(x))+
· · ·+ deg(fm(x)) + deg(g0(x)) + deg(g1(x)) + · · ·+ deg(gn(x)). Now, put
p(xlt+1) = f(x) = f0(x) + f1(x)x
lt+1 + f2x
2lt+2 + · · ·+ fm(x)x
mlt+m;
q(xlt+1) = g(x) = g0(x) + g1(x)x
lt+1 + g2x
2lt+2 + · · ·+ gnx
nlt+n.
Then p(xlt+1), q(xlt+1) ∈ R[x] and coefficients of p(xlt+1) and q(xlt+1) are equal to the sets of
coefficients of fi and gj respectively. Since p(y)q(y) = 0 ∈ R[x][y;α] and x commutes with the
elements of R in the polynomials of R[x] and αk = IR, we have p(x
lt+1)q(xlt+1) = 0 ∈ R[x;α].
Since R is an α-almost Armendariz ring, we have aicbjd ∈ N∗(R), for all 0 ≤ i ≤ m, 0 ≤ j ≤ n,
c ∈ {0, 1, . . . , si} and d ∈ {0, 1, . . . , tj}. Therefore, fi(x)gj(x) ∈ N∗(R)[x] = N∗(R[x]), for all
0 ≤ i ≤ m and 0 ≤ j ≤ n. Thus, R[x] is an α-almost Armendariz ring.
Proposition 2.7. Let R be an abelian ring with α(e) = e for an idempotent element e ∈ R.
Then the following statements are equivalent:
(1) R is an α-almost Armendariz ring.
(2) eR and (1− e)R are α-almost Armendariz rings.
Proof. (1) ⇒ (2) is obvious, since subring of an α-almost Armendariz ring is α-almost
Armendariz ring.
(2) ⇒ (1) : Let f(x) =
∑m
i=0 aix
i, g(x) =
∑n
j=0 bjx
j ∈ R[x;α] such that fg = 0. Then
(ef(x))(eg(x)) = 0 and (1 − e)f(x)(1 − e)g(x) = 0. Since eR is an α-almost Armendariz
ring, therefore eaibj ∈ N∗(R). Similarly, (1 − e)aibj ∈ N∗(R), since (1 − e)R is also an
α-almost Armendariz ring. Therefore, aibj ∈ N∗(R) for each i, j, where 0 ≤ i ≤ m and
0 ≤ j ≤ n. Thus, R is an α-almost Armendariz ring.
Proposition 2.8. Let R be α-compatible ring. If R is α-almost Armendariz ring and a2 = 0,
b2 = 0, then aba ∈ N∗(R) and hence ab, a + b ∈ N(R).
Proof. Let f(x) = a(1−bx) and g(x) = a+bα(a)x. Then f(x)g(x) = (a−abx)(a+bα(a)x) =
a2 + abα(a)x− abα(a)x− abα(bα(a))x2 = 0. Therefore, aba ∈ N∗(R) and hence ab ∈ N(R).
By [9], a+ b ∈ N(R).
3. α-skew almost Armendariz ring
Definition 3.1. Let α be an endomorphism of a ring R. The ring R is said to be an α-
skew almost Armendariz ring if whenever f(x) = a0 + a1x + a2x
2 + · · · + amx
m, g(x) =
b0+ b1x+ b2x
2+ · · ·+ bnx
n ∈ R[x;α] such that f(x)g(x) = 0, then aiα
i(bj) ∈ N∗(R) for each
i, j, where 0 ≤ i ≤ m and 0 ≤ j ≤ n.
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It is clear by definition that a subring of an α-skew almost Armendariz ring is an α-skew
almost Armendariz ring.
Let α be an endomorphism on a ring R and Mn(R) be n × n full matrix ring over R. Let
α :Mn(R)→ Mn(R) defined by α((aij)) = (α(aij)). Then α is an endomorphism on Mn(R)
(Un(R)). Also, we know that
N∗(Un(R)) =


N∗(R) R R
0
. . . R
0 0 N∗(R)

 .
Moreover, by Example 14 of [3], R is α-skew Armendariz ring but Un(R) (n ≥ 2) need not
be α-skew Armendariz ring. For an α-skew almost Armendariz ring, we have the following:
Proposition 3.1. Let α be an endomorphism of a ring R. Then R is an α-skew almost
Armendariz ring if and only if for any positive integer n, Un(R) is an α-skew almost Ar-
mendariz ring.
Proof. Since subring of an α-skew almost Armendariz ring is an α-skew almost Armendariz
ring. Therefore, R is an α-skew almost Armendariz ring.
Conversely, let f(x) = A0+A1x+A2x
2+ · · ·+Arx
r and g(x) = B0+B1x+B2x
2+ · · ·+Bsx
s
∈ Un(R[x;α]) such that f(x)g(x) = 0, where
Ai =


ai11 a
i
12 . . . a
i
1n
0 ai22 . . . a
i
nn
...
...
. . .
...
0 0 . . . ainn

, and Bj =


bj11 b
j
12 . . . b
j
1n
0 bj22 . . . b
i
nn
...
...
. . .
...
0 0 . . . bjnn

, for each 0 ≤ i ≤ r and
0 ≤ j ≤ s.
If ft(x) =
∑r
i=0 a
i
ttx
i, gt(x) =
∑s
j=0 a
j
ttx
j ∈ R[x;α], then ft(x)gt(x) = 0, for each 1 ≤ t ≤ n.
Since R is the α-skew almost Armendariz ring, therefore aittα
i(bjtt) ∈ N∗(R) for each 1 ≤ t ≤ n
and each i, j. Also, Aiα
i(Bj) ∈ N∗(R) for each 0 ≤ i ≤ r and 0 ≤ j ≤ s. Thus, Un(R) is an
α-skew almost Armendariz ring.
Corollary 3.1. If R is an α-skew Armendariz ring, then for any positive integer n, Un(R)
is an α-skew almost Armendariz ring.
It is noted that full matrix ring Mn(R) over R need not be an α-skew almost Armendariz
ring.
Example 3.1. Let α be an endomorphism of the ring R. Consider T = M2(R). Let
f(x) =
(
1 0
0 0
)
+
(
0 1
0 0
)
x
g(x) =
(
0 0
1 1
)
+
(
−1 −1
0 0
)
x ∈ T [x;α].
Then f(x)g(x) = 0, but
(
1 0
0 0
)
α
(( 1 1
0 0
))
=
(
1 1
0 0
)
is not a strongly nilpotent
element.
Hence, T is not an α-skew almost Armendariz ring.
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Recall that, for an endomorphism α of a ring R, an ideal I is said to be an α-ideal if
α(I) ⊆ I. For an α-ideal, we define α : R/I → R/I by α(a+ I) = α(a) + I for a ∈ R. Here,
α is an endomorphism of the factor ring R
I
.
Proposition 3.2. Let α be an endomorphism of a ring R and I be an α-ideal. If R/I is an
α-skew almost Armendariz ring with I ⊆ N∗(R), then R is an α-skew almost Armendariz
ring.
Proof. Let f(x) =
∑m
i=0 aix
i, g(x) =
∑n
j=0 bjx
j ∈ R[x;α] such that f(x)g(x) = 0. Then
(
∑m
i=0 aix
i)(
∑n
j=0 bjx
j) = 0. Therefore, aiα
i(bj) ∈ N∗(R/I) = N∗(R)/I for each i, j. This
implies aiα
i(bj) ∈ N∗(R) for each i, j. Thus, R is an α-skew almost Armendariz ring.
Proposition 3.3. Let α be an endomorphism on an abelian ring R such that α(e) = e, for
each idempotent element e ∈ R. Then R is an α-skew almost Armendariz ring if and only
if eR and (1− e)R are α-skew almost Armendariz rings.
Proof. Let R is an α-skew almost Armendariz ring. Since eR and (1 − e)R are subrings of
R, therefore eR and (1− e)R are α-skew almost Armendariz rings.
Conversely, let f(x) =
∑m
i=0 aix
i, g(x) =
∑n
j=0 bjx
j ∈ R[x;α] such that f(x)g(x) = 0.
Let f1(x) = ef(x), f2(x) = (1 − e)f(x), g1(x) = eg(x) and g2(x) = (1 − e)g(x). Then
f1(x)g1(x) = 0 and f2(x)g2(x) = 0 in R[x;α]. Since eR and (1 − e)R is an α-skew almost
Armendariz rings and also N∗(eR) = eN∗(R), N∗((1 − e)R) = (1 − e)N∗(R), therefore
eaiα
i(bj) ∈ N∗(R) and (1− e)aiα
i(bj) ∈ N∗(R) for each i, j. Therefore, aiα
i(bj) ∈ N∗(R) for
each i, j. Hence, R is an α-skew almost Armendariz ring.
Lemma 3.1. Let α be an endomorphism on a reversible ring R such that aα(b) = 0, when-
ever ab = 0 for any a, b ∈ R. If ab ∈ N∗(R), then aα
t(b) ∈ N∗(R) for any positive integers
t.
Proof. Let ab ∈ N∗(R). Then RabR is nilpotent. Therefore, there exist a positive integer
m such that for any r1, r2 ∈ R, (r1abr2)
m = 0. This implies (r1abr2)
m−1(r1abr2) = 0 and
((r1abr2)
m−1(r1ab))r2 = 0. Since R is reversible, (r2(r1abr2)
m−1)(r1ab) = 0, and by assump-
tion, there exist a positive integer t such that (r2(r1abr2)
m−1r1a)α
t(b) = 0. Also by repeated
application of reversibility of R, (r1abr2)
m−1(r1aα
t(b)r2) = 0 and (r1aα
t(b)r2)(r1abr2)
m−1
= 0.
Again, (r1aα
t(b)r2)(r1abr2)
m−2(r1abr2) = 0 implies, r2(r1aα
t(b)r2)(r1abr2)
m−2r1ab = 0 and
hence r2(r1aα
t(b)r2)(r1abr2)
m−2r1aα
t(b) = 0. This implies (r1aα
t(b)r2)(r1abr2)
m−2(r1aα
t(b)r2)
= 0. Hence, (r1aα
t(b)r2)
2
(r1abr2)
m−2 = 0. Continuing this process, we get (r1aα
t(b)r2)
m =
0. Therefore, Raαt(b)R is nilpotent for any positive integer t. Thus, aαt(b) ∈ N∗(R).
Proposition 3.4. Let R be a reversible ring and α be an endomorphism of R such that
aα(b) = 0, whenever ab = 0 for any a, b ∈ R. Then R is an α-skew almost Armendariz ring.
Proof. Let f(x) = a0+a1x+a2x
2+ · · ·+amx
m, g(x) = b0+ b1x+ b2x
2+ · · ·+ bnx
n ∈ R[x;α]
such that f(x)g(x) = 0. Then we have the following equations:
a0b0 = 0 (1)
a0b1 + a1α(b0) = 0 (2)
a0b2 + a1α(b1) + a2α
2(b0) = 0 (3)
a0bl + a1α(bl−1) + a2α
2(bl−2) + alα
lb0 = 0 (4)
. . . . . . . . .
amα
m(bn) = 0 (5)
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To prove aiα
i(bj) ∈ N∗(R), we use principle of induction on i+ j.
If i+ j = 0, then a0b0 = 0 ∈ N∗(R).
Let result is true for i+ j < l where l ≤ m+ n, i.e. aiα
i(bj) ∈ N∗(R), for i+ j < l. Now, we
prove aiα
i(bj) ∈ N∗(R) for i+ j = l.
Multiplying equation (4), by a0 from left, we have
a0a0bl + a0a1α(bl−1) + a0a2α
2(bl−2) + a0alα
l(b0) = 0.
By Lemma (3.1), aiα
l(b0) ∈ N∗(R) for i < l and airα
l(b0) ∈ N∗(R) for any r ∈ R, since R is
the reversible ring. Therefore, by above equation, we have,
a0a0bl = −(a0a1α(bl−1) + a0a2α
2(bl−2) + a0alα
l(b0)) ∈ N∗(R).
This implies a0a0bl ∈ N∗(R), again R is reversible so a0bla0bl ∈ N∗(R), hence a0bl ∈ N∗(R).
Also, multiplying equation (4) by a1 from left, we get, a1α(bl−1) ∈ N∗(R). Continuing this
process, we obtain aiα
i(bj) ∈ N∗(R), for i+ j = l. Thus, by induction aiα
i(bj) ∈ N∗(R) for
each i, j. Hence, R is an α-skew almost Armendariz ring.
Lemma 3.2. (Lemma 7, [7]) Let R be an α(∗)-ring with α-ideal N∗(R). If ab ∈ N∗(R),
then aαn(b) ∈ N∗(R) and α
n(a)b ∈ N∗(R) for any positive integer n. Conversely, if aα
k(b)
or αk(a)b ∈ N∗(R) for some positive integer k, then ab ∈ N∗(R).
Theorem 3.1. (Theorem 8, [7]) Let R be an α(∗) ring with an α-ideal N∗(R). Assume
that p(x) =
∑m
i=0 aix
i and q(x) =
∑n
j=0 bjx
j ∈ R[x;α]. Then the following statements are
equivalent:
(1) p(x)q(x) ∈ N∗(R)[x;α].
(2) aibj ∈ N∗(R) for each i, j, where 0 ≤ i ≤ m and 0 ≤ j ≤ n.
Remark 3.1. If R is an α(∗) ring with an α-ideal N∗(R). Then R is an α-skew almost
Armendariz ring.
Theorem 3.2. Let R be a reversible ring and α be an endomorphism of R such that aα(b) =
0, whenever ab = 0 for any a, b ∈ R. If for some positive integer k, αk = I, then R[x] is an
α-skew almost Armendariz ring.
Proof. Let p(y) = f0(x) + f1(x)y + · · · + fm(x)y
m, q(y) = g0 + g1(x)y + · · · + gny
n ∈
R[x][y;α] such that p(y)q(y) = 0, where fi(x), gj(x) ∈ R[x]. Here, fi(x) = ai0 + ai1x +
· · · + aisix
si , gj(x) = bj0 + bj1x + · · · + bjtjx
tj , for each 0 ≤ i ≤ m and 0 ≤ j ≤ n, where
ai0, ai1, . . . , aisi, bj0, bj1, . . . , bjtj ∈ R. We have to prove fi(x)α
i(gj(x)) ∈ N∗(R[x]), for each
0 ≤ i ≤ m and 0 ≤ j ≤ n.
Choose a positive integer v such that v > deg(f0(x)) + deg(f1(x)) + · · · + deg(fm(x)) +
deg(g0(x)) + deg(g1(x)) + · · ·+ deg(gn(x)). Now,
p(xkv+1) = f(x) = f0(x) + f1(x)x
kv+1 + f2(x)x
2kv+2 + · · ·+ fm(x)x
mkv+m;
q(xkv+1) = g(x) = g0(x) + g1(x)x
kv+1 + g2(x)x
2kv+2 + · · ·+ gn(x)x
nkv+n.
Then p(xkv+1), q(xkv+1) ∈ R[x] and sets of coefficients of p(xkv+1) and q(xkv+1) are equal to
the sets of coefficients of f ′is and g
′
js respectively. Since p(y)q(y) = 0 ∈ R[x][y;α] and x
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commutes with elements of R and αk = IR, we have p(x
kv+1)q(xkv+1) = 0 ∈ R[x;α]. Since,
R is an α-skew almost Armendariz ring, therefore aicα
i(bjd) ∈ N∗(R), for all 0 ≤ i ≤ m,
0 ≤ j ≤ n, c ∈ {0, 1, . . . , si} and d ∈ {0, 1, . . . , tj}. Hence, fi(x)α
i(gj(x)) ∈ N∗(R)[x] =
N∗(R[x]), for all 0 ≤ i ≤ m and 0 ≤ j ≤ n. Thus, R[x] is an α-skew almost Armendariz
ring.
Theorem 3.3. Let R be a reversible ring and α be an endomorphism of R such that aα(b) =
0, whenever ab = 0 for any a, b ∈ R. If for some positive integer k, αk = I, then R[x;α] is
an almost Armendariz ring.
Proof. Let p(y) = f0(x)+f1(x)y+ · · ·+fm(x)y
m, q(y) = g0+g1(x)y+ · · ·+gny
n ∈ R[x;α][y]
such that p(y)q(y) = 0, where fi(x), gj(x) ∈ R[x;α]. Write fi(x) = ai0 + ai1x + · · · +
aisix
si, gj(x) = bj0 + bj1x + · · · + bjtjx
tj , for each 0 ≤ i ≤ m and 0 ≤ j ≤ n, where
ai0, ai1, . . . , aisi, bj0, bj1, . . . , bjtj ∈ R. To prove fi(x)(gj(x)) ∈ N∗(R[x;α]), for each 0 ≤ i ≤ m
and 0 ≤ j ≤ n. Choose a positive integer w such that w > deg(f0(x)) + deg(f1(x)) + · · ·+
deg(fm(x)) + deg(g0(x)) + deg(g1(x)) + · · ·+ deg(gn(x)). Now,
p(xkw) = f0(x) + f1(x)x
kw + f2(x)x
2kw + · · ·+ fm(x)x
mkw;
q(xkw) = g0(x) + g1(x)x
kw + g2(x)x
2kw + · · ·+ gn(x)x
nkw.
Then p(xkw), q(xkw) ∈ R[x;α]. Also coefficients of p(xkw) and q(xkw) are ultimately the
coefficients of f ′is and g
′
js respectively. Here, p(x
kw)q(xkw) = 0 ∈ R[x;α] and αk = I. Since
R is α-skew almost Armendariz ring by Proposition (3.4), therefore, aicα
i(bjd) ∈ N∗(R), for
all 0 ≤ i ≤ m, 0 ≤ j ≤ n, c ∈ {0, 1, . . . , si} and d ∈ {0, 1, . . . , tj}. Hence, figj ∈ N∗(R[x;α])
for each 0 ≤ i ≤ m and 0 ≤ j ≤ n. Thus, R[x;α] is an almost Armendariz ring.
Theorem 3.4. Let α be an endomorphism of R and αt = I for some positive integer t. Then
R is an α-skew almost Armendariz ring if and only if R[x] is an α-skew almost Armendariz
ring.
Proof. LetR be an α-skew almost Armendariz ring. Let f(y) = p0(x)+p1(x)y+p2(x)y
2+· · ·+
pm(x)y
m, g(y) = q0(x)+q1(x)y+q2(x)y
2+ · · ·+qn(x)y
n in R[x][y;α] such that f(y)g(y) = 0.
We also take, pi(x) = ai0 + ai1x + · · · + aiuix
ui, qj(x) = bj0 + bj1x + · · · + bjvjx
vj , for each
0 ≤ i ≤ m and 0 ≤ j ≤ n, where ai0, ai1, . . . , aiui, bj0, bj1, . . . , bjvj ∈ R.
Choose a positive integer k such that k > deg(p0(x)) + deg(p1(x)) + · · · + deg(pm(x)) +
deg(q0(x)) + deg(q1(x)) + · · · + deg(qn(x)). Now, f(x
kt) = p0(x) + p1(x)x
kt + p2(x)x
2kt +
· · · + pm(x)x
mkt, g(xkt) = q0(x) + q1(x)x
kt + q2(x)x
2kt + · · · + qn(x)x
nkt ∈ R[x]. Then the
sets of coefficients of p
′s
i and q
′s
i are equal to the sets of coefficients of f(x
kt) and g(xkt)
respectively. Since f(y)g(y) = 0 and x commute with element of R in the polynomial R[x],
αkt = I, therefore f(xkt)g(xkt) = 0 ∈ R[x;α]. Since R is an α-skew almost Armendariz
ring, therefore aicα
i(bjd) ∈ N∗(R), for all 0 ≤ i ≤ m, 0 ≤ j ≤ n, c ∈ {0, 1, . . . , ui} and
d ∈ {0, 1, . . . , vj}. Hence pi(x)α
i(qj(x)) ∈ N∗(R)[x] = N∗(R[x]) for each 0 ≤ i ≤ m,
0 ≤ j ≤ n. Thus, R[x] is an α-skew almost Armendariz ring.
Since R is a subring of R[x], therfore Converse is also true.
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